In this paper, we study strong and -convergence of a newly defined three-step iteration process for nearly asymptotically nonexpansive mappings in the setting of CAT(k) spaces. Our results generalize, unify and extend many known results from the existing literature.
Introduction
For a real number k, a CAT(k) space is a geodesic metric space whose geodesic triangle is thinner than the corresponding comparison triangle in a model space with curvature k. The precise definition is given below. The term 'CAT(k)' was coined by Gromov ([] , p.). The initials are in honor of Cartan, Alexandrov and Toponogov, each of whom considered similar conditions in varying degrees of generality.
Fixed point theory in CAT(k) spaces was first studied by Kirk (see [, ] ). His works were followed by a series of new works by many authors, mainly focusing on CAT() spaces (see, e.g., [-] ). It is worth mentioning that the results in CAT() spaces can be applied to any CAT(k) space with k ≤  since any CAT(k) space is a CAT(m) space for every m ≥ k (see [] , 'Metric spaces of non-positive curvature').
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [] in , as an important generalization of the class of nonexpansive mappings, and they proved that if C is a nonempty closed and bounded subset of a uniformly convex Banach space, then every asymptotically nonexpansive self-mapping of C has a fixed point.
There are many papers dealing with the approximation of fixed points of asymptotically nonexpansive mappings and asymptotically quasi-nonexpansive mappings in uniformly convex Banach spaces, using modified Mann, Ishikawa and three-step iteration processes (see, e.g., [-] ; see also [-] ).
The concept of -convergence in a general metric space was introduced by Lim [] . In , Kirk The aim of this article is to establish -convergence and strong convergence of a modified three-step iteration process which contains a modified S-iteration process for a class of mappings which is wider than that of asymptotically nonexpansive mappings in CAT(k) spaces. Our results extend and improve the corresponding results of Abbas et 
Preliminaries
Let F(T) = {x ∈ K : Tx = x} denote the set of fixed points of the mapping T. We begin with the following definitions.
Definition . Let (X, d) be a metric space and K be its nonempty subset. Then the mapping T : K → K is said to be:
for all x, y ∈ K and n ≥ ;
() asymptotically quasi-nonexpansive if F(T) = ∅, and there exists a sequence
The class of nearly Lipschitzian mappings is an important generalization of the class of Lipschitzian mappings and was introduced by Sahu [] .
Definition . Let K be a nonempty subset of a metric space (X, d) and fix a sequence {a n } ⊂ [, ∞) with lim n→∞ a n = . A mapping T : K → K is said to be nearly Lipschitzian with respect to {a n } if, for all n ≥ , there exists a constant k n ≥  such that
The infimum of the constants k n , for which the above inequality holds, is denoted by η(T n ) and is called nearly Lipschitz constant of T n .
A nearly Lipschitzian mapping T with sequence {a n , η(T n )} is said to be:
Let (X, d) be a metric space. A geodesic path joining x ∈ X to y ∈ X (or, more briefly, a geodesic from x to y) is a map c from a closed interval [, l] ⊂ R to X such that c() = x, c(l) = y and d(c(t), c(t )) = |t -t | for all t, t ∈ [, l]. In particular, c is an isometry, and d(x, y) = l. The image α of c is called a geodesic (or metric) segment joining x and y. We say that X is (i) a geodesic space if any two points of X are joined by a geodesic, and (ii) uniquely geodesic if there is exactly one geodesic joining x and y for each x, y ∈ X, which we will denote by [x, y] 
In this case, we write z = αx ⊕ ( -α)y. The space (X, d) is said to be a geodesic space (D-geodesic space) if every two points of X (every two points of distance smaller than D) are joined by a geodesic, and X is said to be uniquely geodesic (D-uniquely geodesic) if there is exactly one geodesic joining x and y for each x, y ∈ X (for x, y ∈ X with d(x, y) < D). A subset K of X is said to be convex if K includes every geodesic segment joining any two of its points. The set K is said to be bounded if diam(K) := sup{d(x, y) : x, y ∈ K} < ∞.
The model spaces M  k are defined as follows. Given a real number k, we denote by M  k the following metric spaces: 
for all α ∈ [, ] and x, y, z ∈ X. In fact, if X is a geodesic space, then the following statements are equivalent:
Recall that a geodesic space (X, d) is said to be R-convex for R (see [] ) if for any three points x, y, z ∈ X, we have
In the sequel we need the following lemma.
for all x, y, z ∈ X and α ∈ [, ].
We now recall some elementary facts about CAT(k) spaces. Most of them are proved in the framework of CAT() spaces. For completeness, we state the results in a CAT(k) space with k > .
Let {x n } be a bounded sequence in a
The asymptotic radius r({x n }) of {x n } is given by
and the asymptotic center A({x n }) of {x n } is the set
, A({x n }) consists of exactly one point. We now give the concept of -convergence and collect some of its basic properties.
Definition . ([, ])
A sequence {x n } in X is said to -converge to x ∈ X if x is the unique asymptotic center of {x n } for every subsequence {u n } of {x n }. In this case we write -lim n x n = x and call x the -limit of {x n }.
for some ε ∈ (, π/). Then the following statements hold:
and B is closed and convex}.
By the uniqueness of asymptotic center, we can obtain the following lemma in [] . Algorithm  The sequence {x n } defined by x  ∈ K and
where {α n } ∞ n= and {β n } ∞ n= are appropriate sequences in (, ), is called a modified Siterative sequence (see [] ).
If T n = T for all n ≥ , then Algorithm  reduces to the following.
Algorithm  The sequence {x n } defined by x  ∈ K and
where {α n } ∞ n= and {β n } ∞ n= are appropriate sequences in (, ), is called an S-iterative sequence (see [] ).
Algorithm  The sequence {x n } defined by x  ∈ K and If β n =  for all n ≥ , then Algorithm  reduces to the following.
Algorithm  The sequence {x n } defined by x  ∈ K and
where
is called a Mann iterative sequence (see []).
Motivated and inspired by [] and some others, we modify iteration scheme (.) as follows.
Algorithm  The sequence {x n } defined by x  ∈ K and
n= are appropriate sequences in (, ), is called a modified three-step iterative sequence. Iteration scheme (.) is independent of modified Noor iteration, modified Ishikawa iteration and modified Mann iteration schemes.
If γ n =  for all n ≥ , then Algorithm  reduces to Algorithm . Iteration procedures in fixed point theory are led by considerations in summability theory. For example, if a given sequence converges, then we do not look for the convergence of the sequence of its arithmetic means. Similarly, if the sequence of Picard iterates of any mapping T converges, then we do not look for the convergence of other iteration procedures.
The three-step iterative approximation problems were studied extensively by Noor [, ], Glowinski and Le Tallec [], and Haubruge et al. [] . The three-step iterations lead to highly parallelized algorithms under certain conditions. They are also a natural generalization of the splitting methods for solving partial differential equations. It has been shown [] that a three-step iterative scheme gives better numerical results than the two-step and one-step approximate iterations. Thus we conclude that a three-step scheme plays an important and significant role in solving various problems which arise in pure and applied sciences. These facts motivated us to study a class of three-step iterative schemes in the setting of CAT(k) spaces with k > .
In this paper, we study a newly defined modified three-step iteration scheme to approximate a fixed point for nearly asymptotically nonexpansive mappings in the setting of a CAT(k) space with k >  and also establish -convergence and strong convergence results for the above mentioned iteration scheme and mappings.
Main results
Now, we shall introduce existence theorems. Proof Fix x ∈ K . We can consider the sequence {T n x} ∞ n= as a bounded sequence in K . Let φ be a function defined by
Then there exists z ∈ K such that φ(z) = inf{ (u) : u ∈ K}. Since T is a nearly asymptotically nonexpansive mapping, for each n, m ∈ N, we have
On taking limit as n → ∞, we obtain
for any m ∈ N. This implies that
In view of inequality (.), we obtain
which, on taking limit as n → ∞, gives
The above inequality yields 
This shows that T has a fixed point in K . This completes the proof.
From Theorem . we shall now derive a result for a CAT() space as follows. Proof It is well known that every convex subset of a CAT() space, equipped with the induced metric, is a CAT(k) space (see [] ). Then (K, d) is a CAT() space and hence it is a CAT(k) space for all k > . Also note that K is R-convex for R = . Since K is bounded, we can chose ε ∈ (, π/) and
. The conclusion follows from Theorem .. This completes the proof. In view of inequality (.), we have
Theorem . Let k >  and (X, d) be a complete CAT(k) space with diam(X)
= π /-ε √ k for some ε ∈ (, π
/). Let K be a nonempty closed convex subset of X, and let T : K → K be a uniformly continuous nearly asymptotically nonexpansive mapping. If {x n } is an AFPS for T such that -lim
where R = (π -ε) tan(ε). Since -lim n→∞ x n = z, letting n → ∞, we get
This yields
By (.) and (.), we have lim m→∞ d(z, T m z) = . Since T is continuous,
From Theorem . we can derive the following result as follows.
Corollary . Let (X, d) be a complete CAT() space, K be a nonempty bounded, closed convex subset of X and T : K → K be a uniformly continuous nearly asymptotically nonexpansive mapping. If {x n } is an AFPS for T such that -lim n→∞ x n = z, then z ∈ K and z = Tz.
Now, we prove the following lemma using iteration scheme (.) needed in the sequel.
Lemma . Let k >  and (X, d) be a complete CAT(k) space with diam(X)
/). Let K be a nonempty closed and convex subset of X, and let T : K → K be a uniformly continuous nearly asymptotically nonexpansive mapping with sequence
∞ n= a n < ∞ and
). Then lim n→∞ d(x n , p) exists for each p ∈ F(T).
Proof It follows from Theorem . that F(T) = ∅. Let p ∈ F(T) and since T is nearly asymptotically nonexpansive, by (.) and Lemma ., we have
Again using (.), (.) and Lemma ., we have
Finally, using (.), (.) and Lemma ., we get
where for some ε ∈ (, π/). Let K be a nonempty closed convex subset of X, and let T : K → K be a uniformly continuous nearly asymptotically nonexpansive mapping with sequence {(a n , η(T n ))} such that ∞ n= a n < ∞ and
Proof It follows from Theorem . that F(T) = ∅. Let p ∈ F(T). From Lemma ., we obtain that lim n→∞ d(x n , p) exists for each p ∈ F(T).
We claim that lim n→∞ d(Tx n , x n ) = .
Since {x n } is bounded, there exists R >  such that {x n }, {y n }, {z n } ⊂ B R (p) for all n ≥  with R < D k /. In view of (.), we have
for some P > . This implies that
Again from (.) and using (.), we have
Finally, from (.) and using (.), we have
Hence by the fact that lim inf n→∞ α n ( -α n ) > , we have
Now, consider (.), we have
Thus by the fact that lim inf n→∞ β n ( -β n ) > , we have
Next, consider (.), we have
Hence by the fact that lim inf n→∞ γ n ( -γ n ) > , we have
By the definitions of x n+ and y n , we have
By (.), (.) and the uniform continuity of T, we have
This completes the proof. Now, we are in a position to prove the -convergence and strong convergence theorems.
, for some ε ∈ (, π/). Let K be a nonempty closed convex subset of X, and let T : K → K be a uniformly continuous nearly asymptotically nonexpansive mapping with sequence {(a n , η(T n ))} such that ∞ n= a n < ∞ and
Proof Let ω w (x n ) := A({u n }) where the union is taken over all subsequences {u n } of {x n }. We can complete the proof by showing that ω w (x n ) ⊆ F(T) and ω w (x n ) consists of exactly one point. Let u ∈ ω w (x n ), then there exists a subsequence {u n } of {x n } such that A({u n }) = {u}. By Lemma ., there exists a subsequence {v n } of {u n } such that -lim n v n = v ∈ K . Hence v ∈ F(T) by Lemma . and Lemma .. Since
To show that {x n } -converges to a fixed point of T, it is sufficient to show that ω w (x n ) consists of exactly one point.
Let {w n } be a subsequence of {x n } with A({w n }) = {w} and let A({x n }) = {x}. Since w ∈ ω w (x n ) ⊆ F(T) and by Lemma ., lim n→∞ d(x n , w) exists. Again by Lemma ., we have x = w ∈ F(T). Thus ω w (x n ) = {x}. This shows that {x n } -converges to a fixed point of T. This completes the proof. for some ε ∈ (, π/). Let K be a nonempty closed convex subset of X, and let T : K → K be a uniformly continuous nearly asymptotically nonexpansive mapping with sequence {(a n , η(T n ))} such that ∞ n= a n < ∞ and
Then the sequence {x n } converges strongly to a fixed point of T.
Proof By Lemma ., lim n→∞ d(x n , Tx n ) = . Since T is uniformly continuous, we have
as n → ∞. That is, {x n } is an AFPS for T m . By the semi-compactness of T m , there exists a subsequence {x n j } of {x n } and p ∈ K such that lim j→∞ x n j = p. Again, by the uniform continuity of T, we have
That is, p ∈ F(T). By Lemma ., d(x n , p) exists, thus p is the strong limit of the sequence {x n } itself. This shows that the sequence {x n } converges strongly to a fixed point of T. This completes the proof.
Remark . Since T is completely continuous, the image of T m , for some m ∈ N, is semicompact, {x n } is a bounded sequence and d(x n , T m x n ) →  as n → ∞. Thus T m , for some m ∈ N, is semi-compact, that is, the continuous image of a semi-compact space is semicompact.
, with the usual metric, and
Then T is not continuous. However, T is semi-compact. In fact, if {x n } is a bounded sequence in K such that |x n -Tx n | →  as n → ∞, then by Balzano-Weierstrass theorem, it follows that {x n } has a convergent subsequence.
The following example shows that there is a semi-compact mapping that is not compact.
Example . ([])
Let X =  and K = {e  , e  , . . . , e n , . . .} be the usual orthonormal basis for  . Define
Then T is continuous (in fact, an isometry) but not compact. However, T is semi-compact. Indeed, if {e i } i∈N is a bounded sequence in K such that e i -Te i converges, {e i } i∈N must be finite.
From Theorem . we can derive the following result as a corollary.
Corollary . Let (X, d) be a complete CAT() space, K be a nonempty bounded, closed convex subset of X and T : K → K be a uniformly continuous nearly asymptotically nonexpansive mapping with sequence {(a n , η(T n ))} such that ∞ n= a n < ∞ and
∞. Let {x n } be a sequence in K defined by (.). Let {α n }, {β n } and {γ n } be sequences in (, ) }, for all n, k ∈ N are sequences in K . Then A({x n }) = {} and A({u n k }) = {}. This shows that {x n } -converges to , that is, -lim n→∞ x n = . The sequence {x n } also converges strongly to , that is, |x n -| →  as n → ∞. Also it is weakly convergent to , that is, x n  as n → ∞, by Proposition .. Thus, we conclude that strong convergence ⇒ -convergence ⇒ weak convergence, but the converse is not true in general.
The following example shows that, if the sequence {x n } is weakly convergent, then it is not -convergent. 
Conclusions
. We proved strong and convergence theorems of a modified three-step iteration process which contains a modified S-iteration process in the framework of CAT(k) spaces. . Theorem . extends Theorem . of Dhompongsa and Panyanak [] to the case of a more general class of nonexpansive mappings which are not necessarily Lipschitzian, a modified three-step iteration scheme and from a CAT() space to a CAT(k) space considered in this paper.
. Theorem . also extends Theorem . of Niwongsa and Panyanak [] to the case of a more general class of asymptotically nonexpansive mappings which are not necessarily Lipschitzian, a modified three-step iteration scheme and from a CAT() space to a CAT(k) space considered in this paper. . Our results extend the corresponding results of Xu and Noor [] to the case of a more general class of asymptotically nonexpansive mappings, a modified three-step iteration scheme and from a Banach space to a CAT(k) space considered in this paper. . Our results also extend and generalize the corresponding results of [, , -] for a more general class of non-Lipschitzian mappings, a modified three-step iteration scheme and from a uniformly convex metric space, a CAT() space to a CAT(k) space considered in this paper.
